Abstract. For a field of characteristic zero Levine has proved in [12] , Part I, Ch. VI, 2.5.5, that the triangulated tensor categories of motives defined in [16] and [12] are equivalent. Using some results of [7] , in this paper we show that the strategy of Levine's proof can also be applied on every perfect field to the categories of triangulated motives with rational coe‰cients or to the pseudo-abelian hulls of the integral tensor subcategories generated by motives of smooth projective schemes.
Introduction
Using the formalism of DG categories that allows to implement relations up to homotopy and his original approach to moving lemmas, Levine has given in [12] a construction of a triangulated category of motives over a field by generators and relations. This construction was designed in such a way that one may realize triangulated motives into cohomology theories satisfying some kind of derived Bloch-Ogus axioms. In his work [16] Voevodsky has developed a very di¤erent approach to triangulated motives relying on the properties of the Nisnevich topology and on finite correspondences, a special family of algebraic cycles on which one can perform operations of intersection theory without passing to rational equivalence.
For a field of characteristic zero Levine has proved in [12] , Part I, Ch. VI, 2.5.5, that the triangulated tensor categories of motives defined in [16] and [12] are equivalent. In this paper we explain how to apply Levine's strategy of proof to extend the previous result to the categories of triangulated motives with rational coe‰cients or to the pseudo-abelian hulls of the integral tensor subcategories generated by motives of smooth projective schemes on every perfect field.
We now run briefly through the contents of this paper which is divided in two parts. For the readers' convenience we have included in part I an overview of the main features of Levine's construction of triangulated motives and sketched Levine's method. All results and constructions outlined in this part are taken from [12] . Part II is the main part of the paper and divided in two sections. The first one is devoted to the construction of a triangulated commutative external product in the sense of Levine [12] , Part II, Ch. I, 2.4.1:
Although this functor enjoys very nice properties listed in the beginning of section 3 it is not the right one as it is not a tensor functor and does not extend to non e¤ective triangulated motives. However in section 4 we derive from it our main result in theorem 4.2 which is stated below.
Main result. Assume either that charðF Þ ¼ 0 and A ¼ Z, or charðF Þ > 0 and A ¼ Q.
There exists a triangulated tensor equivalence
DMðF ; AÞ ! 1 DM gm ðF ; AÞ such that for a quasi-projective scheme X and an integer n we have an isomorphism
where MðX Þ Ã denotes the dual of the motive of X in DM gm ðF ; AÞ. In addition the equivalence 1 induces a triangulated tensor equivalence DMðF Þ pr ! 1 DM gm ðF Þ pr between the pseudo-abelian hulls of the integral triangulated tensor subcategories generated by the motives of smooth projective schemes.
Convention and notation.
Throughout the paper we use the notation in [16] , [12] and the DG formalism for which we refer to [2] or [12] , Part II, Ch. II. Although [2] is a standard reference, we have chosen to keep the notation of [12] , Part II, Ch. II, 1.2.7. Therefore if A is an additive category and y A fb; þ; À; jg is a boundedness condition, C y ðAÞ stands for the DG category of complexes of A whose objects are the y-bounded complexes and morphisms are given by according to the sign convention of [12] . For an additive category viewed as a DG category we recover the usual complexes.
We let F be a perfect field and A be either the ring of integers Z or the field of rationals Q. All schemes are supposed to be noetherian and separated F -schemes. We denote by Sm F the category of smooth quasi-projective schemes and by N tr the category of Nisnevich sheaves with transfers on smooth quasi-projective schemes. For such a scheme X and integers n, m, recall that Levine's motivic cohomology is given by where the last isomorphism holds for n non negative by Voevodsky's cancellation theorem [14] .
Recall that a (commutative) external product [12] , Part II, Ch. I, 2.4.1, is a relaxed (symmetric) monoidal functor F : A ! B which means that one does not assume that the maps r whose arrows are functors between categories is said to be 2-commutative when there exists a natural isomorphism of functors G 2 F 2 F G 1 F 1 .
Part I 1. Levine's method
Suppose that charðF Þ ¼ 0. The idea ( [12] , Part I, Ch. VI, 2.1.9) used in [12] to construct a triangulated tensor equivalence DMðF Þ ! C DM gm ðF Þ is to produce this functor as a special realization when one views DM gm ðF Þ as a kind of Bloch-Ogus twisted duality theory. Since Voevodsky's motives are homological rather than cohomological as Bloch-Ogus theories, this approach requires some good duality properties in Voevodsky's category of triangulated motives which are provided by [16] , Theorem 4.3.72). The equivalence C is obtained as an extension to DMðF Þ of the twisted dual motive functor
2) Using Hironaka's resolution of singularities, in loc.cit. Voevodsky shows that DM gm ðF Þ is a rigid tensor category. The ideal situation would have been to have a functorial complex of Nisnevich sheaves with transfers that represent the functor (1). This does not happen, however Levine manages to carry out the construction relying on the following two results due to Voevodsky3).
(a) ( [16] , Corollaries 4.1.8 and 4.2.7) For a smooth quasi-projective scheme X and a non negative integer n one has a canonical isomorphism in DM
where Hom is the partially defined internal Hom. And so the fake twisted dual motive Hom À MðX Þ; ZðnÞ Á may be represented by an explicit complex of Nisnevish sheaves with transfers.
(b) ( [16] , Corollary 4.3.6) For a smooth quasi-projective scheme X of dimension at most n one has a canonical isomorphism in DM Now suppose that F is an arbitrary perfect field. In [12] , Part I, Ch. IV, 1.4, Levine has given a simple argument4) that shows that the category DM gm ðF ; AÞ is rigid in the following cases:
One may also replace (b) by [6] , Corollary B.2. Therefore the crucial point is to find a replacement for (a). In this paper instead of working with the complex of Nisnevich sheaves with transfers C Ã À z equi ðX ; A n ; 0Þ Á provided by equidimensional cycles, one introduces, using results of [7] , another representative of the fake twisted dual motive which may also be used in positive characteristic. This is done in subsection 3.1.
3) The proof of (a) relies on cdh topology and its relations to relative algebraic cycles [5] .
4)
We refer the readers to [6] , Appendix B, for a short summary of this argument that uses De Jong theorem on alterations [3] .
Overview of Levine's triangulated motives
Levine's category of triangulated motives DMðF Þ is built from generators and relations according to the following two main guiding principles.
For a Bloch-Ogus twisted duality cohomology theory5) G defined via cohomology of a complex of sheaves for a suitable Grothendieck topology the category DMðF Þ should admit a realization functor
The motivic cohomology defined by DMðF Þ has to be isomorphic to Bloch's higher Chow groups. Imposing this condition may be thought of as a way to say that the category DMðF Þ is universal for the previous property.
The most tricky part of the construction is to implement by generators and relations cycle class maps and Kü nneth morphisms (steps 1-3). At the end of the third step one gets a DG tensor category without unit from which one obtains a triangulated tensor category without unit by passing to the homotopy category of one sided twisted complexes (step 4). The A 1 -invariance and Gysin isomorphisms are only obtained at the very end by taking a quotient of this triangulated category by a suitable thick subcategory (step 5).
Step 1. Moving lemma. Levine's original approach to moving lemmas ( [12] , [11] ) consists in replacing the category Sm F by a category LðF Þ fibered over Sm F . The objets LðF Þ are pairs ðX ; f Þ where X is a smooth quasi-projective scheme and f : X 0 ! X is a morphism in Sm F having a smooth section s. A morphism from ðX ; f Þ to ðY ; gÞ in LðF Þ is a morphism p : X ! Y in Sm F such that there exists a flat morphism q and a commutative square
Let Z n ðX Þ the abelian group of codimension n algebraic cycles on X . It is only contravariant for flat morphisms, however if Z n ðX Þ f is defined as the subgroup formed of cycles in Z n ðX Þ having a well defined pull-back along f then the pull-back of cycles gives a well defined functor LðF Þ op Â N ! ModðZÞ;
5) The main properties of such a theory are A 1 -homotopy invariance, well behaved cycle class maps, Kü nneth isomorphisms, semi-purity and Gysin isomorphisms. 
there exists a unique functor F e¤ 1 that makes the triangle below commute:
The cartesian product of schemes defines a tensor structure on A e¤ 1 ðF Þ and in the sequel we denote simply by Â this tensor product.
Step 2. Künneth formula. The next step is to take the universal external product
which is a tensor category without unit6) that enjoys the following universal property: for each tensor category A and each commutative external product F : A e¤ 1 ðF Þ ! A there exists a unique tensor functor F n; c that makes the triangle below commute:
the commutative external product which is a map in A e¤ 1 ðF Þ n; c .
Variant. However in practise the external product F is not commutative but only commutative up to homotopy and all higher homotopies. Indeed the external product F used to realize triangulated motives in Bloch-Ogus twisted duality cohomology theories is obtained via the Alexander-Whitney map. To overcome the lack of true commutativity of the Alexander-Whitney map is one of the most technical points in Levine where cc denotes the usual associated cochain complex functor as defined in appendix A.1. For the explicit description of ccF n; sh we refer to [12] , Part II, Ch. III, 2.2.
c is a homotopy equivalence.
In the sequel m is a symbol that stands either for c or sh and we consider the DG tensor category without unit
The tensor product on A e¤ 2 ðF Þ is denoted by n.
Step 3. Adding cycle class maps. Let E be the homotopy one point DG tensor category without unit7) defined in [12] , Part II, Ch. II, 3.1.11, and e its canonical generator. The objects of E are direct sums of tensor power of e and one denotes by 7) This category is useful to implement up to homotopy the properties of the unit in the category of triangulated motives. The next step is to kill up to homotopy all the cohomology classes that do not come from algebraic cycles. Let A 
where i mot is the inclusion functor and r mot is a tensor functor such that r mot i mot ¼ id. The functor i mot is a commutative external product, the map Variant. Let A e¤ mþ mot ðF Þ denote the full DG tensor subcategory without unit of A e¤ m mot ðF Þ generated by e and the objects of the form Z X ðnÞ f where X is a smooth quasiprojective scheme of dimension at most n and consider the DG tensor category without unit of one sided twisted complexes
and its homotopy category
This variant will be useful in section 4.
Step 5. Relations. Let ðX ; f Þ be an object in LðF Þ,X X a closed subscheme of X and let j : U ,! X the inclusion of the open complement. We write j Ã f for the map
For a non negative integer n one defines the motive with support by
where 
Then invert the morphism
(b) Excision. Let ðX ; f Þ A LðF Þ,X X be a closed subscheme of X and U be an open subscheme containingX X . Invert the map
Let p : ðP; gÞ ! ðX ; f Þ be a morphism in LðF Þ such that p : P ! X is a smooth morphism that has a section s : X ! P which is a pure codimension (8) by inverting the morphisms (a) to (f) listed above when they do belong to the category (8).
Step 6. Inverting the Tate motive. By [12] , Part I, Ch. VI, 2.5.4, the symmetry isomorphism Finally the triangulated tensor categories DM m ðF Þ, DM m ðF Þ Ã and DM þ m ðF Þ are the pseudo-abelian hulls of those categories. The fact that the category DMðF Þ is really the category whose construction is described in [12] , Part I, Ch. I, is proved in [12] , Part I, Ch. VI, 2.5.4.
General picture. The various categories described so far belong to a commutative diagram where all the arrows are triangulated tensor functors. By construction the vertical arrows are equivalences and the fact that the functors c, c Ã and c þ are equivalences too is proved in [12] , Part I, Ch. V, 1.3.6. So by taking the pseudo-abelian hull we see that the category of triangulated motives and its variants fit in a commutative diagram of triangulated tensor equivalences
r mot r mot ! ! 3.1. Representing the fake twisted dual motive. We shall now explain how to represent the fake twisted dual motive by an explicit functorial complex of Nisnevich with transfers. By [7] , Proposition 3.2, the Godement monad induces a monad G tr Nis over the category of Nisnevich sheaves with transfers and therefore the cosimplicial Godement resolution G tr; Ã Nis ðFÞ of a Nisnevich sheaf with transfers F has a canonical structure of cosimplicial Nisnevich sheaf with transfers. We use the notation in appendix A.1. 
Nis ðFÞ ð12Þ
where Tot is the complex associated to a double complex as in [9] , Notation 11.5.2.
Given a smooth quasi-projective scheme X we set for short C Ã ðX Þ ¼ C Ã ðZ tr ½X Þ. The usual properties of Godement resolutions give us the following remark. Definition 3.3. Let X be a smooth quasi-projective scheme, W a closed subscheme of X and n a non negative integer. We set
where the Nisnevich sheaf with transfers Z W tr ½X is the cokernel of the map Z tr ½X nW ! Z tr ½X . Proposition 3.4. Given a Nisnevich sheaf with transfers F, we have a canonical isomorphism in DM e¤ À ðF Þ:
In particular we have a canonical isomorphism in DM e¤ À ðF Þ:
Proof. By remark 3.2 we have isomorphisms in DðN tr Þ:
The isomorphism in DM e¤ À ðF Þ,
comes from the fact that C Ã ðFÞ is A 1 -local and that the morphism Z
This proves the proposition. r
From the isomorphism (13) given in the previous proposition we obtain a canonical isomorphism in DðZÞ
Now by [6] , Corollary B.2, we get the following result.
Corollary 3.5. Let X be a smooth quasi-projective scheme of dimension at most n such that MðX Þ has a dual in DM gm ðF ; AÞ. However to overcome the lack of true commutativity of the Alexander-Whitney map we shall not work directly with the complex given in definition 3.3. We consider instead the underlying cosimplicial simplicial Nisnevich sheaf with transfers: Definition 3.6. Let X be a smooth quasi-projective scheme, W a closed subscheme of X and n a non negative integer. We denote by 1
where the cosimplicial Nisnevich sheaf with transfers Z W tr ½D Ã X is the cokernel of the map
In the cosimplicial simplicial object (15) the simplicial structure is induced by the cosimplicial scheme D Ã X and the cosimplicial structure is induced by the cosimplicial structure of the Godement resolution. The relation between the two definitions is given by
3.2. The Künneth formula. We now start the construction of the triangulated functor (10) . For this we consider the functor which commutes with finite coproducts:
3.2.1. Principle of construction. Let A be a tensor category and assume to be given a commutative external product
which commutes with finite coproducts. Using the shu¿e map the functor c is a commutative external product and so by composition we obtain a commutative external product
Now consider the commutative external product obtained by a shift
Since this functor commutes with finite coproducts, using the properties of the category A ðF Þ recalled in the variant of step 2 in order to obtain a commutative diagram Recall that the right-hand side CðAÞ denotes the DG category of complexes over A as described at the beginning of this paper.
How to handle Künneth morphisms.
In this subsection we apply the previous construction principle to the functor 1 e¤ cs . For this we need a variant of [7] , Proposition 3.5, given in lemma 3.7. Let the F n be a family of Nisnevich sheaves with transfers indexed by N. A commutative external product on this family is the data of morphisms
which are associative commutative and functorial for finite correspondences. Denote by Q tr the category with objects the family of Nisnevich sheaves with transfers indexed by N endowed with a commutative external product and obvious morphisms, then the proof of [7] , Proposition 3.5 yields the following result. So we have the following commutative diagram 
is commutative.
Variant with support.
We shall need during the construction a variant of the previous functor that takes support into account in order to use the semi-purity of motivic cohomology that assure the vanishing of some cohomology classes. For each objet ðX ; f Þ A LðF Þ and each non negative integer n we denote by ðX ; f Þ ðnÞ the set of closed subschemes W of X such that
is a pure codimension n closed subscheme of X 0 . Since f has a smooth section s the above condition implies that the closed subscheme
is also of pure codimension n in X . The set ðX ; f Þ ðnÞ is filtrant for the relation of inclusion and functorial. Indeed if W belongs to ðX ; f Þ ðnÞ and p : ðY ; gÞ ! ðX ; f Þ is a morphism in LðF Þ then p Ã ðW Þ belongs to ðY ; gÞ ðnÞ . This assertion is a consequence of the equality
where q is a flat morphism that fits in a commutative square
In the sequel we denote by 
For G ¼ Z X ðnÞ f the isomorphisms (14) give an isomorphism in DðZÞ,
3.3. Cycle class maps. Recall that in [15] Voevodsky has constructed for a smooth quasi-projective scheme X , a closed subscheme W of X and integers n, m a natural isomorphism
In addition those morphisms are functorial, map intersection products to cup products and are also compatible with relativization long exact sequences. 
Those choices define an extension of the DG tensor functors and the natural transformation (30) to the DG tensor category without unit A 
The square (40) gives a commutative square (b) Excision. Let ðX ; f Þ be an object of LðF Þ,X X a closed subscheme of X and U an open subset of X containingX X . The square (40) gives a commutative diagram
iso:
By excision we have MX X ðX Þ ¼ MX X ðUÞ and so the image of the morphism
(c) Gysin isomorphism. Let p : ðP; gÞ ! ðX ; f Þ be a morphism in LðF Þ such that the morphism p : P ! X is a smooth morphism that has a section s which is a pure codimension d closed immersion. Assume that ½X belongs to Z d ðPÞ g . It is enough to check that the image by the functor 1 
is a quasi-isomorphism.
and the result follows from the fact that the Gysin isomorphism
is given by11)
and from Voevodsky's cancellation theorem [14] which shows that the map (41) is an isomorphism.
(d) Moving lemma. Let ðX ; f Þ be an object in LðF Þ and g : Z ! X a morphism in Sm F . To check that the image by 1 e¤ Ã mot sh of the morphism r f ; g is an isomorphism, it is enough to remark that by construction we have a commutative square
(e) Unit. We have in DM is an isomorphism. Let X be a smooth quasi-projective scheme and n a non negative integer. In particular we have a map
ZðnÞ Á V on the motivic cohomologies. As both motivic cohomologies are isomorphic to higher Chow groups through respective cycle class maps, to check that this map is an isomorphism one has just to check its compatibility with cycle class maps. This is done in proposition 3.14 and for this we give in lemma 3.13 a basic property of Levine's cycle class map.
Recall that in [12] , Part I, Ch. I, 3.3.1.ii, the cycle functor (2) is extended to a DG functor
which satisfies the two following main properties:
The maps (a), (b), (c) of step 3 are sent to zero.
For an object ðX ; f Þ A LðF Þ and a non-negative integer n one has
Since its codegeneracy maps are flat, the cosimplicial scheme D Ã is a very smooth cosimplicial scheme in the sense of [12] , Part I, Ch. I, §2.4.1. So it may be lifted to a cosimplicial object of LðF Þ, 
and the Bloch's cycle complex attached to G is given by
This is a complex of abelian groups and the naive Chow group of G is defined to be nbÀa n1 e na n 1 bÀa n 1;
The morphism (46) is an isomorphism by [12] , Part I, Ch. I, 3.3.5.iv, and we may consider its inverse , [10] ) that the vertical arrow in (44) is an isomorphism and in [12] , Part I, Ch. II, 3.3.10, it is proved that the map clðGÞ is an isomorphism. 
By [12] , Part I, Ch. II, 2.2.6, 2.2.7, the natural map
The cycle class map (43) is then gotten from the morphism cl G through the following diagram: 
We use the notation of [12] , Part I, Ch. VI, 1.1.1. Thus r 1 is the open subscheme of P 1 complement of the unit section and r n denotes the product of n copies of r 1 . Let ðt 1 ; . . . ; t n Þ be the natural coordinates on r n , we denote by qr n the collection of divisors
Proposition 3.14. Let X be a smooth quasi-projective scheme and n, m be two integers with n non negative. The following diagram is commutative: From relativization long exact sequences, their compatibility with cycle class maps and semi-purity we have a diagram whose rows are exact sequences: 
By the cycle class maps (27) and (45) we may assume r > n since otherwise both are zero. The result follows then from proposition 3.14. r
Comparison of triangulated categories
As mentioned in the introduction, the functor obtained in proposition 3.11 is not the right one since it is not a tensor functor and does not extend to non e¤ective triangulated motives. We shall now explain how to get rid of these problems. Consider for that the restriction The fundamental properties of this triangulated commutative external product are given by the following proposition. This proves the proposition. r
Now choose a tensor triangulated quasi-inverse r to the triangulated tensor functor DM 
Then the triangulated tensor functor
DMðF ; AÞ ! 1 DM gm ðF ; AÞ is an equivalence such that for a quasi-projective scheme X and an integer n we have an isomorphism where the sum is taken over all ðp; qÞ-shu¿es s.
A.2. Nisnevich sheaves with transfers. Denote by P tr the category of presheaves with transfers on Sm F . The tensor product on P tr is obtained by the formula for X a quasi-projective scheme.
